The main result in this note is that a very general linear homogenous partial differential operator with algebraic (polynomial) coefficents has no nonzero algebraic solutions. This result is in particular true for systems of ordinary linear homogenous differential operators.
Notation and Conventions
Convention 1 By N we denote the natural numbers, by N 0 the set of nonnegative integers.
In this note,all rings and schemes are assumed to be noetherian and all morphisms q : X −→ S are assumed to be of finite type.
We use multi index notation: if x 1 , ..., x n is a set of variables, we denote x m := x where m := (m 1 , m 2 , . . . , m n ) is a multiindex of lenght n. By |m| we denote the number m 1 + ... + m n . The partial derivatives of a function f (x 1 , ..., x m ) in the variables x i we denote by ∂ |m| /∂x m (f (x 1 , ..., x m )) .
Notation 1 If k −→
A is a homomorphism of commutative rings and M is an A-module, the N th jet-module of M relative to k is denoted by J N (M/k) . If q : X −→ S is a morphism of finite type, F is a coherent sheaf on X, the N th jet module of F relative to S is denoted by J N (F /S) .
Introduction
Linear partial differential equations are a huge research area for quite a long time. In this note, we want to prove a modest theorem on systems of linear partial differential equations with polynomial, or, more generally algebraic coefficients.
Recall that if k is a field and A n k is affine n-space over k, then a homogenous partial linear differential operator of order N, D : is the universal jet algebra of k [x] , where the last expression is the tensor product completed with respect to the ideal I k[x]/k , which is the kernel of the algebra multiplication map µ :
and is generated by (d 1 x i = 1 ⊗ x i − x i ⊗ 1, i = 1, ..., n) . For k = R, C these are just the linear partial differential operators with polynomial coefficients. The formalism of jet-modules works for every finitely generated k-algebra, in particular for localizations k[x] f , where f ∈ k [x] . In this note, we want to use the formal algebraic properties of the jet modules plus elementary base change properties in order to show that the very general system of linear homogenous partial differential operators with polynomial, or more generally rational coefficients a I,J,i,i = 
Basic properties of the Jet modules
Recall that for a homomorphism of commutative rings k −→ A , and an A-module M, the N th jet module, N ∈ N 0 is defined as
where I A/k = ker(µ) : A ⊗ k A −→ A is the kernel of the multiplication map. The A-module structure of J N (M/k) is given by the first tensor factor. The
, the universal derivation, is given by the map m → 1 ⊗ m which is k-linear. It is well known (or by [1] ) that the jet-modules are of finite type over A if A is a k-algebra essentially of finite type and satisfy the localization property, i.e., for f ∈ A we have
S is a morphism of noetherian schemes of finite type and F is a coherent O X -module, we can define the jet bundle J N (F /S) by patching together the jet-modules on an affine covering of X = n i=1 Spec A i and S = m j=1 Spec B j , where f (Spec A i ) ⊂ Spec B j and this is a coherent O X -module. We make the following standard definition.
Definition 3.1 Let q : X −→ S be an arbitrary morphism of finite type of noetherian schemes, or more generally of noetherian algebraic spaces and F i , i = 1, 2 be quasicoherent sheaves on X. Then, a differential operator of order ≤ N is a q −1 O S -linear map D : F 1 −→ F 2 that can be factored as
Thus, in this situation, there is a 1-1 correspondence between differential operators F 1 −→ F 2 relative to S and O X -linear maps J N (F 1 /S) −→ F 2 . We need the following easy Lemma 3.2 Let A −→ B be a homomorphism of rings, M be a B-module, and Q be a J N (B/A) -module and t : M −→ Q be a B-linear map with respect to the second B-module structure on J N (B/A) . Then, there is a unique homomorphism of
More generally, if q : X −→ S is a morphism of schemes, F is a coherent O X -module and Q a coherent J N (X/S)-module and t : F −→ Q a map that is O X -linear with respect to the second O X -module structure of Q , there is a unique J N (X/S)-linear map φ :
(B/A) and natural homomorphisms
. Then, the statement reduces to the easy fact, that, given a homomorphism of rings k −→ l, a k-module M k and an l-module M l and a k-linear homomorphism M k −→ M l , there is a unique l-linear homomorphism M k ⊗ k l −→ M l which follows by the adjunction of restriction and extension of scalars. The arguement in the global case is the same. Proposition 3.3 (arbitrary push-forwards) Let X f −→ Y π −→ S be morphisms of schemes and F i , i = 1, 2 be a quasi coherent sheaves on X. Let D : F 1 −→ F 2 be a differential operator between F 1 and F 2 relative to S of some order N ∈ N 0 . Then f * F 1 f * D −→ f * F 2 is a differential operator between the quasicoherent sheaves f * F i , i = 1, 2 relative to S, where f * D is taken in the category of sheaves of (π
Proof: Let D be given by
where the first map is (π
(same as for ordinary Kähler differentials) and by adjunction
The module f * J N (F 1 /S) is an f * J N (X/S)-module and thus an J N (Y /S)-module. By Lemma 3.2, there is a unique homomorphism
is a linear partial linear differential operator over S. 
Proof: First, we treat the case, where M = C and B = A[x] is a free A-algebra. Then , it is well known that
Next, we treat the case of an arbitrary A-algebra B . Let
be a presentation of B. Either by common knowledge, or by [1] , we have
Then the result is clear because a presentation of B ⊗ A C is then given by B ⊗ A C = C[x i |i ∈ I]/(f j |j ∈ J) . Now, we treat the general case. We fix an isomorphism
which gives by Lemma 3.2 and the above proved isomorphism
which is a natural transformation of functors
(that this is a natural transformation of functors follows from the representing property of the jet modules). We show that φ M is an isomorphism for all M ∈ B − Mod . First, since the construction of the jet-modules commutes with arbitrary direct sums, we get the result for free B-modules. Next, both functors are right exact functors from
Choosing a presentation
we get the result for general M ∈ (B − Mod) by the five lemma.
Lemma 3.5 Let A −→ B be a homomorphism of commutative rings M be a B-module and N be an A-module. Then, for all N ∈ N 0 there is a canonical isomorphism
Proof: We fix the B-module M . The natural map
is B-linear with respect to the second B-module structure on J N (M/A) ⊗ A N . By Lemma 3.2, there is a unique homomorphism of J N (B/A)-modules
which is a natural transformation of right exact functors from (A − Mod) to J N (B/A) − Mod . We show that φ N is an isomorphism for all A-modules N.
⊕I is a free A-module, φ N is an isomorphism since the formation of jet-modules commutes with arbitrary direct sums. If N is arbitrary, choose a free presentation
Since φ A ⊕J and φ A ⊕I are isomorphisms, it follows by the five lemma that φ N is an isomorphism.
Remark 3.6 If q : X −→ S is a morphism of noetherian schemes, D : E 1 −→ E 2 is a differential operator relative to S and F is a quasi coherent O S -module, it follows from the lemma just proved that D ⊗ O S Id F is a differential operator on X relative to S.
Lemma 3.7 Let q : X −→ S be a morphism of finite type of noetherian schemes , F , G be quasi coherent O X -modules and
Since the construction of the jet-modules is functorial, there is an induced homomorphism of J N (X/S)-modules
and apply this lemma to obtain that there is an equality
Corollary 3.8 Let q : X −→ S be a morphism of finite type of noetherian schemes and F 1 , F 2 be quasicoherent sheaves on X that are both countable unions of its coherent subsheaves. Let D : F 1 −→ F 2 be a differential operator relative to S of some order N ∈ N . Then, D can be written as a union (inductive limit) of differential operators D n :
is a coherent subsheaf of F 2 and we put
Differential operators in families
The basic setting of this section is a proper morphism of finite type of noetherian schemes q : X −→ S and coherent sheaves E i , i = 1, 2 on X, flat over S, equipped with a differential operator D : E 1 −→ E 2 of some order N relative to S. We want to study the sheaf of q −1 (O S )-modules ker(D) .
Proposition 4.1 With notation as above, let S = Spec A be affine with A being a noetherian ring. The functor
is naturally equivalent to a functor Hom A (Q, M), where the A-module Q is uniquely determined by D and is finitely generated.
Remark 4.2 Observe that by Lemma 3.5 for each
is again a differential operator relative to A, so we can apply the technique of Grothendieck to study the kernel of the differential operators on the fibres of the morphism q .
are flat over A, we get a short exact sequence of triples
where E is the triple E 1 D −→ E 2 . Then, taking kernel sheaves is a left exact functor and then, taking H 0 (X, −) is also a left exact functor and so is the composition. The representability of H 0 (X, ker(D ⊗ A id − )) by a functor Hom A (Q, −) follows from [2] [chapter III,p.286, Remark 12.4.1]. By standard cohomology and base change, (see [2] [chapter III,12, Proposition 12.4]), the functor
is representable by a functor Hom A (P, −) where P is an A-module of finite type. From the inclusion of functors
we get by uniqueness of the representing A-modules Q and P a homomorphism of A-modules f : P −→ Q . I claim that f is surjective. Let Q ′ be the image of P by f in Q . The injective homomorphism of A-modules
Thus, the first A-linear map Hom A (Q, M) −→ Hom A (Q ′ , M) has to be injective for each A-module M. Consider the short exact sequence
If Q/Q ′ = 0, the first Hom-module is always nonzero, since it containes id Q/Q ′ . But then the second map cannot be injective. Thus it follows Q = Q ′ and P −→ Q is surjective. Since P is finitely generated, so is Q. From the proof just given it follows the following simple Lemma 4.3 Let A be a noetherian ring ,
be two left exact functors and φ : F 1 −→ F 2 be a natural transformation that is for all M ∈ (A − Mod) injective. Let Q 1 , Q 2 be the representing A-modules, i.e.,
Then, the homomorphism Q 2 −→ Q 1 induced by φ is surjective.
Proposition 4.4 ( Affine base change property of the kernel) Let A −→ B be a homomorphism of noetherian rings and X A −→ Spec A be a proper scheme of finite type over A, D : E 1 −→ E 2 be a differential operator relative to A with E 1 , E 2 coherent sheaves, flat over A. Let Q be the A-module, representing the functor
Let X B −→ Spec B, E i ⊗ A B, i = 1, 2 and D B : E 1,B −→ E 2,B be the based changed data. Then, the B-module Q B , representing the functor
Remark 4.5 Observe, that we do not claim that the push-forward of the kernel commutes with base change. We only claim that the representing Amodule Q commutes with base change.
Proof: First, the functor in question is representable by some B-module Q B since the base changed data fullfill all requirements of Proposition 4.1. Now let M be a B-module. Let q : X B −→ X A be the affine projection. Then
M viewed as an A-module via the map A −→ B . We only have to observe that on X B there is an exact sequence of sheaves of B-modules
and that q * is a left exact functor. Hence, we get
Thus,
The assertion follows by the uniqueness of the representing module Q B .
Corollary 4.6 Let q : X −→ S be a proper morphism of finite type of noetherian schemes and D : E 1 −→ E 2 be a differential operator between coherent sheaves that are flat over S. Then, there exists a coherent sheaf Q on S such that for all quasicoherent O S -modules F we have a canonical functorial isomorphism of sheaves on S
Spec A i and put Spec A ij = Spec A i ∩ Spec A j . Letting A = A i and B = A ij , we know by the previous proposition that there are isomorphisms φ ij : Q ij ∼ = Q i ⊗ A i A ij , where Q i , Q ij are the representing A i , A ij -modules for the morphism q restricted to Spec A i , Spec A ij , respetively. Furthermore, these isomorphisms are unique (basically by the Yoneda lemma). Thus, the isomorphisms φ ij satisfy the cocycle condition and the finitely generated A i -modules Q i glue to a coherent O S -module Q . Now, that for each coherent O S -module F , the homomorphism φ F is an isomorphism is a local question and this is clear by the affine case S = Spec A .
We have the following important Proposition 4.7 (Upper semicontinuity of the kernel dimension) Let q : X −→ S be a flat, proper morphism of finite type of noetherian schemes, E 1 , E 2 be coherent sheaves on X, flat over S and D : E 1 −→ E 2 be a differential operator relative to S of some order N ∈ N . Then, the function
where
Proof: First, this is a question local on S , so we may assume that S = Spec A for some noetherian ring A. Then, the statement follows by the same arguement as in [2] [chapter III, p.288 Theorem 12.8, case i=0], since the representing A-module Q is finitely generated. One can also show this directly, since if s ∈ S is a scheme point, we have
where the prime ideal p ∈ Spec A corresponds to s ∈ S . But each homomorphism φ from a finitely generated A-module Q to an A p -module N factors through Q p (since Q ⊗ A A p = Q p ) and, then pQ p has to go to zero. Thus,
where the dual is taken over κ(s) and it is well known that the fibre dimension of a coherent O S -module is an upper semicontinuous function. From this, we can derive the following local-to global principle.
Corollary 4.8 Let q : X −→ S be a morphism of finite type of noetherian schemes with S = Spec A be integral and affine and E 1 , E 2 be coherent sheaves on X flat over S and D : E 1 −→ E 2 be a differential operator over S. If for a Zariski dense set of points s ∈ S, the kernel of D s : E 1,s −→ E 2,s on X s is nonempty, then the kernel of D is nonempty on X.
Proof: The question is local on S, so let X = Spec A . The finitely generated A-module Q with
can in this case not be a torsion module. Let
is nonempty because the dual of a torsion free module on an integral scheme is always nonzero torsion free.
Corollary 4.9 (Specialization Property) Let (R, m, k) be a local ring which is an integral domain with quotient field K = K(R) . Let X R −→ Spec R be a proper morphism of finite type, E 1 , E 2 be coherent sheaves on X R , flat over R and D R : E R −→ E R be a differential operator relative to R. If
Proof: We know, that the functor
is naturally equivalent to the functor
for some finitely generated R-module Q. Putting M = K(R), we know that Hom R (Q, K(A)) is nonempty which implies that Q cannot be a torsion module and has positive rank. Putting M = R/m we get H 0 (X k , ker D k ) ∼ = Hom R (Q, R/m) which is nonzero since Q/mQ is a nonzero k-vector space. 
(by the push-forward property of differential operators). For each n ∈ N , let D n = D| O A (n) ⊕r . By Lemma 3.7 and Corollary 3.8 there are minimal integers m
Each D n is a differential operator of coherent sheaves and by Proposition 4.1, for each n ∈ N 0 there exists a finitely generated A-module Q n such that
For each n ∈ N 0 we have an inclusion of functors
This is so because for each n ∈ N 0 , there are exact sequences
The subscheme H n+1 i,A ⊂ P n A is defined over k since it is defined by the exact sequence
where the first inclusion is given by multiplication by x 
we get by Proposition 4.1 representing finitely generated A-modules Q n for the functors
and by Lemma 4.3 surjections of finitely generated A-modules Q n+1 ։ Q n and for each A-module M
as Zariski sheaves on P n A . For each A-module M, we get
Putting M = κ(s) = A ps /p s · A ps for s ∈ Spec A , we get that
Since Q n+1 ։ Q n are surjections, we have that
Since by Proposition 4.7, ker(D n,s ) is an upper semicontinuous function on Spec A with respect to the Zariski-topology, we get that ker D s is as the countable supremum of upper semicontinuous functions upper semicontinuous with respect to the countable Zariski-topology.
(the set {s ∈ Spec A| dim ker(D s ) < r} is the countable intersection of the Zariski-open subsets
We have the following 
and Spec(A ⊗ K B) = A m × k A K for a certain K and we have a universal partial differential operator
where for 1 ≤ i, j ≤ r we have 
Proposition 4.14 Let A = K[x 1 , ..., x m ] and consider the above defined universal differential operator with constant coefficients D u,c,r :
⊕r . Then for very general (c) ∈ K K , the differential operator D c has zero kernel.
Proof: This follows from Theorem 4.16 and the fact that this universal family of operators with constant coefficients contains the identity operator which has zero kernel. It would be very interesting to find more special algebraic families of differential operators with very general kernel zero. By Lemma 4.12 and Theorem 4.13 we have e.g. the following
⊕r , the universal family of all differential lower triangular operators (D ij ) with polynomial coefficents of degree ≤ M with D ij = 0 for j > i and
where a i (x) is a fixed nonzero polynomial and the t i,j,J,I being the universal parameters. Then for very general c ∈ K K , the operator ker(D c ) = 0 is zero.
Proof:
We generalize the above theorem to the following principle. 
There is an inclusion res A,A 0 : M ⊗ K B ֒→ M | Spec A 0 ⊗ K B since M was assumed to be torsion free and thus ker(D) ⊂ ker(D 0 ) . (Remember that the kernel forms a Zariski sheaf on Spec A which is a subsheaf of M and therefore has injective restriction maps r U,V , since M is torsion free) . So we are reduced to the case that M is a free A-module. We now have to find an integral compactification. This is easy. Embedding Spec A into some A n K and then into P n K and taking the closure of Spec A in P n with the reduced scheme structure, we find an integral compactification of finite type X of Spec A . By blowing up X\ Spec A we can assume that X\ Spec A is the support of an effective Cartier divisor. Then, Remark 4.17 Observe, that the compactification is defined over K but that the differential operator j B * D is defined over B. The only thing we need is Lemma 3.7 and Corollary 3.8, saying that a differential operator between quasicoherent sheaves, that are unions of coherent subsheaves can be written as a union of differential operators between these coherent subsheaves (follows from the fact that the relative jet-modules of a morphism of finite type between noetherian schemes are coherent).
If A is an arbitrary integral K-algebra of finite type and M is a torsion free A-module, we have that DO N (M, M) is a finitely generated A-module. We can write DO N (M, M) = n∈N V n where all V n are finite dimensional Kvector spaces containing Id M . Viewing each V n as an affine space A
. We make the convention that the point 0 corresponds to the identity operator, i.e., we write a ′ ∅,i,j (x, t) = 1 + a ∅,i,j (x, t) . By the above theorem, for each n ∈ N , for very general v ∈ V n , the kernel of D u,n v is zero. We can view DO N (M, M) as an infinite affine K-space endowed with the inductive limit topology, that is an affine Ind-scheme over K . The topology does not depend on the choosen exaustion DO N (M, M) = n∈N V n . We consider on DO N (M, M) the countable Ind-Zariski-topology, which is the inductive limit of the countable Zariski-topologies on V n . Then, by Theorem 4.13, the set of all v ∈ DO N (M, M) such that ker(D v ) = (0) is open with respect to the countable Ind-Zariski-topology. We thus have the following Theorem 4.18 With notation as above, with respect to the Ind-Zariskitopology, a very general partial linear differential operator in the infinite dimensional affine space DO N (M, M) has kernel zero.
We have the following simple application which makes use of the fact that K K is a Baire topological space.
Proposition 4.19 Let A be an integral K-algebra, M be a finitely generated A-module and
Proof: This follows from the fact that K K with the classical topology is a Baire topological space. Then, an open ǫ-ball around some c ∈ K K cannot be the countable union of Zariski-closed subsets which are nowhere dense.
Remark 4.20 This says, that given a linear partial differential operator on M, one can achieve by arbitrary small changes of its coefficients, that the kernel is zero.
Proposition 4.21 With notation as above, let V := DO N (M, M) = n∈N V n (we again make the convention that the identity operator corresonds to the zero vector) and give V the lc-inductive limit topology, where each V n is equipped with the classical topology. This is the finest lc-topology on V . Then, the set C ⊂ V , of all v ∈ V with ker(D v ) = 0 has empty interior. 
where each D ij has constant term zero. Then, the kernel of D consists precisely of the vectors of constant functions and consequently has finite dimension r.
Proof: Let (a 1 (x), ..., a r (x)) be in the kernel of D. First, we have ∂ 1 /∂ 1 x(a 1 (x)) = 0 and thus a 1 (x) = c 1 ∈ K . Suppose by way of induction, we have proven that a i (x) = c i for 1 ≤ i ≤ m < r . Then
from which it follows ∂ 1 /∂ 1 x(a m+1 (x)) = 0 because all D m+1,i have zero constant term. Thus a m+1 (x) = c m+1 and the claim is proved. 
where all a I,i,j = 0 if i 1 = 0, where I = (i 1 , ..., i n ) and a i,j,∅ = 0 . Then,
⊕r ∈ ker(D) and ker(D) is infinite dimensional. It is easy to construct the universal family which is a linear affine subspace L in the total parameter space. The idea is that the presentation of a differential operator D := (D ij ) , depends a On the choice of algebraic coordinates on A n K , i.e., polynomial functions
is an automorphims of the free K-algebra K [x] .
⊕r . . If K = C, since any nonconstant polynomial possesses a nonzero solution, the determinant det((p ij )) has to be a nonzero complex number. We do not view this as a group scheme over K[x] but as an "infinite dimensional algebraic group" over K . Likewise, by Gl n 2 (K) we denote the automorphism group of the free K-algebra K[x 1 , ..., x n ] . This can also be viewed as in infinite dimensional algebraic group. We then have the following
) and the group Gl n 2 (K) act on V , where the first action is given by
⊕r ) be the familiy of differential operators D = D ij with a ∅,i,j = 0 and a I,i,j = 0 if i 1 = 0, which has infinite dimensional kernel. For arbitrary g ∈ Gl
Observe, if the automorphism φ simply permutes the variables, we get affine subspaces L j for each j = 1, ..., n . We also know that the cardinality of all families with infinite dimensional kernel is countable, so the quotient of G by the stablizer of L ⊂ V must be discrete. A very important question would be the following As a final application of Proposition 4.7 we treat the complete case.
Proposition 4.27 Let X be a complete algebraic scheme of finite type over a base field k, or, more generally a complete algebraic space of finite type over k and E be a coherent sheaf on X. Let N ∈ N be given. Then, the general differential operator D : E −→ E has zero kernel.
Proof: The sheaf
is coherent and thus V := H 0 (X, DO N (E, E)) is a finite dimensional k-vector space. There is a universal differential operator D u : p * E −→ p * E on X × k V relative to V , where p : X × k V −→ X and q : X × k V −→ V are the projections. The morphism q is flat and proper, and p * E is flat over V . Thus, we may apply Proposition 4.7 (semicontinuity) to conclude that there is a Zariski-open subset U ⊂ V such that for u ∈ U , ker(D u ) = 0 . The open subset is nonzero since it contains the identity operator Id E .
Flat extension of differential operators over the complex numbers
As any coherent structure over the complex numbers, given a complete complex algebraic variety X C , coherent sheaves E 1,C , E 2,C and a differential operator
by standard technique we can find a finitely generated Z-algebra R ⊂ C , an integral variety X R , proper over R and coherent sheaves E 1,R , E 2,R , flat over R and a relative differential operator D R : E 1,R −→ E 2,R over R, extending D from C to R. The only thing one has to observe, is that the jet module J N (E 1,C /C) is a fixed coherent sheaf on X C . We then have the following Corollary 4.28 With notation as above, let (X R , E 1,R , E 2,R , D R ) be a flat extension of a differential operator E 1,C , E 2,C , D C on X C to the spectrum of a finitely generated integral Z-algebra R. If for a dense set of points y ∈ Spec R with char(κ(y)) = p > 0 a nonzero solution exists for D y , then for D C a nonzero solution exists.
Proof: The representing R-module Q cannot be a torsion module, i.e., is nonzero over the generic point of R which corresponds to the quotient field K(R) ⊂ C . But then Hom R (Q, C) = H 0 (X C , kerD C ) is nonzero.
This corollary opens up the possibility to use characteristic p-methods in the study of differential operators over the complex numbers, at least in the complete case. The problem with the affine case is that if R is a finitely generated Z-algebra, the set of prime ideals is countable, and thus the countable Zariski-topology is the discrete topology.
In forthcoming papers, we want to further investigate algebraic families of differential operators on affine integral schemes over K and, in particular study the supports of the kernel sheaves which can also be viewed as projective varieties since the kernel sheaves are invariant under scaling with a constant from the base field.
Remark 4.29 As the jet-module formalism and cohomology and base change are also available in the complex analytic setting, in principle, the same theorems hold in the complex analytic category. For noncompact base spaces, one obviously faces the problem, that not each manifold or complex analytic space and each differential operator is compactifyable.
